CYCLIC HOMOLOGY OF HOPF GALOIS EXTENSIONS AND 

HOPE ALGEBRAS 



PASCUAL JARAt AND DRAGO§ §TEFAN* 

Abstract. Let iJ be a Hopf algebra and let CMm{H) be the category of all 
left i7-niodules and right -ff-comodules satisfying the following two compatibility 
relations: 

p{hm) — X]'''(2)"*(o) ® h{3)i^{i)Sh(^ij, for all m G M and h £ H. 
^m^j^^m^Q^ = m, for all m G M. 

An object in CMm{H) will be called a modular crossed module (over H). For 
example, if A/B is an _ff-Galois extension, then the quotient Ab A/[A,B] 
of A modulo commutators [A, B] is a modular crossed module over H. More 
particularly, H itself can be regarded as an object adH G CAAm{H). 

The category CAim{H) has very nice homological properties: it is abelian and 
contains enough injective objects. Furthermore, if K is a Hopf subalgebra of i7, 
then the categories CM.m{K) and CM.m{H) can be related by a functor Ind^( — ), 
where Ind;^ Af := H ®k M, with appropriate structures. 

To every M G CM.m{H) we associate a cyclic object Z*(iJ, A/). The cyclic 
homology of Z, {H, M) extends the usual cyclic homology of the algebra structure 
of H (for M := adH). The relative cyclic homology of an _ff-Galois extension 
A/B can be also regarded as a particular case (A/ := As)- 

We compute the cyclic homology of Ind^^Af := H ®k M when K is cocom- 
mutative, and M decomposes as a direct sum of one dimensional subcomodules 
such that the associated group-like elements are central. As a direct application 
of this result, we describe the relative cyclic homology of strongly graded alge- 
bras. In particular, we calculate the (usual) cyclic homology of group algebras 
and quantum tori. 

Finally, when H := U{q) is the enveloping algebra of a Lie algebra g, we 
construct a spectral sequence that converges to the cyclic homology of H with 
coefficients in an arbitrary modular crossed module M . We also show that the 
cyclic homology of almost symmetric algebras is isomorphic to the cyclic homology 
of H with coefficients in a certain modular crossed-module. 



Introduction 

Cyclic cohomology was invented by A. Connes as a replacement of the de Rham 
cohomology of varieties, jl]. Since then, a lot of work has been done in order 
to compute the cyclic (co)homology of certain classes of algebras. We would like 
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to recall here only some of the results obtained, namely those that somehow are 
connected to our paper. 

The cyclic homology of group algebras over fields of characteristic was computed 
by Burghelea, [3] . For a complete algebraic proof of Burghelea's result the reader is 
referred to fH]; while a relative variant of this computation can be found in fT7\ . 

Crossed products (with trivial cocycle) are generalizations of group algebras. Let 
B be an algebra on which a group G acts by algebra automorphisms. Let A be the 
free left B module having a basis {cg \ g G G}. One can define an algebra structure 
on A by setting 

(xeg) ■ iyeh) := x{g.y)egh, 

where x,y E B, and g.y denotes the action of g on y. Cyclic homology of crossed 
products was calculated by Feigin and Tsygan, [7]. For related work on this case 
see also 

The cyclic homology of enveloping algebras of Lie algebras is also known. As a 
matter of fact, C. Kassel in ^21 described the cyclic homology of all almost sym- 
metric algebras [A is called almost symmetric if it is non-negatively filtered such 
that giA is the symmetric algebra of gr^A). The computation of cyclic homology of 
U (g) was also performed in [7] . 

Cyclic (co)homology of Hopf algebras was introduced by Connes and Moscovici in 
order to compute the index of transversally elliptic operators of foliations. To every 
Hopf algebra H and every modular pair in involution {a, S) they associated a cocyclic 
module if* . Recall that (a, S) is a modular pair in involution if a is a group-like 
element in H, 6 : H ^ k is a. morphism of algebra and the twisted antipode Ss is 
involutive, see E] • The cyclic cohomology of if* is called the cyclic cohomology 
of H and it is denoted HC(^,5)(ii). One of the features of HC(^5)(if) is that, for a 
given algebra A on which H acts and a given if-invariant trace t : A —>■ k, there is 
a canonical morphism: 

7::HC^,,,)(ii)^HC*(A). 

Connes-Moscovici cocyclic module was generalized by Khalkhali and Rangipour 
in ^3]. Instead of working with modular pairs, they consider a a-compatible Hopf 
triple [A, H, M), that is, a Hopf algebra H that coacts to the right on an algebra A 
together with a left if-module and a suitable group-like element a E H . For such 
a triple (A, if, M) they define a cyclic module, which in the particular case A := H 
and M := ks coincides with Connes-Moscovici construction. 

Let us remark that almost all algebras appearing in the above results are exam- 
ples of Hopf algebras. Exceptions are only almost symmetric algebras. Nevertheless, 
these algebras are f/(0)-Hopf Galois extensions of k. Classical Galois extensions, 
strongly graded algebras and if -crossed products are other examples of Hopf Galois 
extension. In spite of the richness of examples the theory of Hopf Galois exten- 
sion represents an unifying setting. By studying Hopf Galois extensions in general, 
instead of working with particular examples, the results become more general and 
proofs more natural. 

Furthermore, dealing with extensions, is more natural to work with a relative 
variant of the homology that we are interested in. On the one hand, in many cases. 
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the relative homology is easier to compute and, on the other hand, if the subalgebra 
has "nice" homological properties (like separability) then the relative homology and 
the usual one are identical. 

In this paper we intend to exploit both the unifying character of Hopf Galois 
extensions and the simplicity of relative homology. Our goal is to extend some 
of the above results and, at the same time, to show that they are closely related, 
although they were obtained using completely different methods. 

Let A/B be an extension of /c-algebras. We start by recalling the definition 
of Y{E.,,{A/B) and HC*(74/i?), the 5-relative Hochschild homology of A and, re- 
spectively, the 5-relative cyclic homology. For shortness we shall call them the 
Hochschild, respectively cyclic, homology of the extension A/B. As in the non- 
relative case (when B = k), they are defined by constructing a certain cyclic 
object Z^{A/B). Then we show that the theory of relative left derived functors 
(with respect to a certain projective class of epimorphisms) can be used to compute 
}iB.^{A/ B). As an immediate consequence it follows that HC*(A/i?) ^ B.C^:{A/k), 
whenever B is separable fc-algebra. 

The properties of Hopf Galois extension that we need are proved in the second 
section. By definition an extension A/B is called Hopf Galois if there is a Hopf 
algebra H that coacts on A such that the subalgebra of coinvariant elements is B 
and a certain canonical map is bijective. To emphasize the role that H plays we 
shall say that A/B is an iJ-Galois extension. Let us denote the quotient 
by Ab, where [A, B] = {ab — ba \ a E A, b E B}. It is well-known that As is a. left 
i7-module and a right if-comodule, and one can check that these structures are 
compatible: 



In these relations a denotes the class of a E A in As, and we used the notation 
= Y^ h(i) ® h(2) and p(a) = X]«(o> ® ^(i)- 

Using these properties of Ab we construct a new cyclic object Z^:{H,Ab) that 
depends only on H and Ab- The main results of this section asserts that Z*(A/i?) 
and Z^:{H,Ab) are isomorphic cyclic objects. Thus, in particular, HC*(A/i?) is 
isomorphic to the cyclic homology of Z^{H, Ab). 

As we have already noticed, the construction of Z^:{H,Ab) involves only the fact 
that Ab is a. left iJ-module and a right iJ-comodule such that (pQ) and Q hold 
true. Therefore in the definition of Z^{H,Ab) we can replace Ab with an arbi- 
trary left if-module M which is a right if-comodule too such that relations (0) 
and Q hold. We shall call such an object M a modular crossed module and we 
shall denote the corresponding cyclic object by Z^,(iJ, M). See Definition 14.11 for 
the definition of modular crossed modules and Theorem 14.131 for the construction 
of Z^,{H,M). The Hochschild, respectively cyclic, homology of Z^,{H,M) will be 
denoted by B.B.^{H,M), respectively HC*(if,M). 

The properties of the category CA4rn{H) of all modular crossed module are in- 
vestigated in Section 4. For example here we prove that CAim{H) is an abelian 
category with enough injective objects. Also, for a Hopf algebra H and a Hopf 
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subalgebra K C H, we construct a functor 

Indf M : CMm{H) — ^ HCMm{H), Indf M := H ®h M. 

The main goal of this part is the computation of HC=i,(Ind^M) under the assumptions 
that K is cocommutative and M is a direct sum of one dimensional comodules such 
that the group-like associated to this decomposition are central in K. The result 
that we obtain is stated in Theorem 15.111 The proof is based on a variant of 
Shapiro's Lemma, that allows us to reduce the computation to the calculation of . 
Since HC*(-R', — ) commutes with direct sums we may assume that p{m) = m^g, for 
every m G M, where g is a certain central group-like element in K. The computation 
of HC,,(i^', M), for 5' = 1, is done in Theorem 15.21 The case OTd{g) < cxd is treated 
in CoroUarv 15.71 and the case ord((?) = oo is considered in Proposition 15.81 

Let us have a closer look to a modular crossed module M over a group algebras 
H := kG. One can easily see that 

M^e,,,(c)Ind^g^M„ 

where t{G) is a coset for the set of conjugacy classes in G, and Gg is the centralizer of 
g in G. Moreover, the comodule structure of Mg is defined such that p(m) = m® g, 
for every m G Mg. Hence we can apply Theorem 15. 21 to compute the cyclic homology 
of kG with coefficients in M, see Corollarv 15.131 

A G-strongly graded algebra A = ^g^zc is a /cG-Galois extension of B := Ai. 
Thus the cyclic homology of A/B can also be computed using our method. As a 
matter of fact this result is obtained by taking M = Ab itl Corollarv 15.131 By 
specializing A to kG we give a new proof of the computation of cyclic homology of 
group algebras, performed by Burghelea. In the last part of this section we compute 
the cyclic homology of quantum tori, see Theorem 15.231 

In Section 6, we consider the case of enveloping algebras of Lie algebras. Let 
g be a Lie algebra and let U{g) be its enveloping algebra. We show that every 
modular crossed module M can be filtered in a canonical way such that the graded 
associated, which obviously is a modular crossed module, has a trivial comodule 
structure. By using the computation from Theorem 15.21 we construct a spectral 
sequence converging to HC*(t/(g), M). Finally, we show that the cyclic homology of 
an almost symmetric algebra A is isomorphic to B.C^{U{q), M), where g is a certain 
Lie algebra and M is a certain modular crossed module over U{q) associated to A. 

Notation 

Throughout the paper k will denote a field. The tensor product of two vector 
spaces will be denoted by ®. For the enveloping algebra of an algebra A we whall 
use the notation A'^. By definition A'^ is the algebra A ^ A"^^, where A"^^ is the 
opposite algebra structure on A. 

Let A be an algebra. By definition an [A, y4)-bimodule is a left module over A^. 
The category of {A, y4)-bimodules will be denoted by a^a- 

If i? is a subalgebra of A we shall say that A is an algebra extension of B and we 
shall write A/B. 
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1. HOCHSCHILD AND CYCLIC HOMOLOGY OF EXTENSIONS OF ALGEBRAS 

In this section we shall recall the definition and the basic properties of relative 
Hochschild homology and of relative cyclic homology. We begin by recalling some 
properties of the cyclic tensor product, defined by Quillen in 



Definition 1.1. Suppose that M and are two (5, i?)-bimodules. The cyclic 

tensor product of M and is M®bN := (M^b^V) 'S>b- B. 

1.2. For any {B, i?)-bimodule X we denote by Xb the quotient of X by the subspace 
[X, B] generated by all commutators [x, b] := xh—hx. Since X®b^B ~ Xb-, it follows 
that 

M®bN - {M®bN)/[M®bN,B] = (M ®B N)b. 

We also have M® bN ~ M ®_Be A^. The identification is defined by the canonical 

map m ®B^ n ^ m^Bn, where m®Bn := m®Bn + [M®bX^ B]. 

The cyclic tensor product can be defined for an arbitrary, but finite, number of 
(S, S)-bimodules Mi, . . . , M„ by 

Mi®B ■ ■ ■ ®bM„ := {Mi®B ■ ■ ■ ®BMn) ®b- B. 

Lemma 1.3. Let A/B be an extension of algebras and let Mi, . . . , Mn be objects 
in B^B- Then: 

a) (Mi®B ■ ■ ■ ®ijMi)®B(Mi+i®B ■ ■ ■ ®bM„)^~ Mi^B ■ ■ ■ ®Bj^n- 

b) There exists a map tMi,...,M^ ■ Mi®b ■ ■ ■ ®BMn — ^ Mn®BMi®B ■ ■ ■ ®bM„„i 
such that tMi,...,A'/„("2i®B ■ ■ -^Brrin) = mn®Bmi®B ■ ■ ■®B'mn-i- 

Proof, a) Both vector spaces are isomorphic to {Mi®b ■ ■ ■ ®BMn)®B^B . 

b) Straightforward. □ 

1.4. Suppose now that A/B is an extension of algebras and that M is a {B,B)- 
bimodule. For every n E N* and every < i < n there are well-defined maps 
d^ : M®B^®^" — ' MgsA^s^"-!) such that 

{ma^®Ba'^®B ■ ■ ■ ®boJ^ ■, for z = 0, 

m®Ba^®B ■ ■ ■®Ba^a''~^^®B- ■ ■ for < i < n, 

a"'m®Bai®B ■ ■ ■®b(i"'~^, for z = ra. 

If m : A®B A A denotes the multiplication in A and fir '■ M ®b A M defines 
the right module structure then 

do = and d^ := A^^^^-^^gBrngsA^^^""*) 

for every < i < n. Analogously, if fii defines the left module structure on M then 
we define d„ := o ^jv/A-.a- 

For < z < n one can also define Si : M^bA^^" — > M®bA®s("+^) by: 

Si{m®Ba^®B ■ ■ ■ ®Ba'') = m®Ba^®B ■ ■ ■ ®Ba'®Bl®Ba'^^®B ■ ■ ■ ®Ba''- 

The map t„ := tA,...,A will play an important role in our paper, since it will be used 
to associate a cyclic object to any extension A/B of /c-algebras. 
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Theorem 1.5. Let A/B be an extension of k -algebras and let M G a^a- 

a) IfZn{A/B,M) := M®sA®s" then Z^{A/B,M) is a simplicial object with face 
maps do, . . . , dn and degeneracy maps sq, . . . , s„. 

b) The simplicial object Z^{A/ B, A) is a cyclic object with the cyclic structure 
defined by t„, : A^^in+i) — ^ ^§5(„+i)^ ^^^^^ n > 0. 

Proof. By ()1.4j) . d^, and are well defined. One can prove that they define a 
simplicial object, respectively a cyclic object, as in the case when B = k, see for 
example j^Hl page 330]. □ 

Definition 1.6. The Hochschild homology of an extension A/B with coefficients in 
M is the homology of the complex {C^,{A/B, M),h^), associated to Z^{A/B,M). 
The Hochschild homology of A/B will be denoted by HH*(^/-B, M). 

To simplify the notation we shall write Z^,{A/B), C*(A/i?) and HH^,(A/i?) for 
Z^{A/B,A), C^{A/B,A) and HH,(A/5, A), respectively. 

1.7. Following [221 Section 9.6] we associate to the cyclic object Z^,{A/B) a double 
complex CC^,^,{A/B) that will be called the Tsygan double complex (we adopt the 
convention that in a double complex every square is anti-commutative). Its columns 
in even degrees are equal to C^{A/B), while the columns in odd degrees are equal to 
the acyclic complex C'^{A/B). By definition C^IA/B) = C^:{A/B) as graded vector 
spaces. The differentials of C^IA/B) are —b'^, where b'^ = — Xir==o^(~^)*^i- '^^^ 
row of the double complex is the periodic complex that computes the homology of 
the cyclic group of order q + 1 acting on A^-^^+i via (— 1)''^^. 

Definition 1.8. The cyclic homology HC*(A/i?) of an extension A/B is the ho- 
mology of the total complex of CC**(A/i?). 

1.9. By Proposition 9.6.11] it results immediately that the following sequence 
is exact. 

• ■ ■ ^ HC„+i(A/i?) ^ HC„_i(A/i?) ^ RRM/B) ^ RCrXA/B) ^ ■ ■ ■ 
It will be called the SBI-sequence. 

1.10. We now want to give an equivalent interpretation of Hochschild homology 
of an extension A/B. More precisely we shall prove that Hochschild homology of 
A/B is the left £^-derived functor of A ^a<' (— ) : a^a M.k, where £ is the 
projective class of all epimorphisms of (A, 74)-bimodules that splits as morphisms of 
(i?, i?)-bimodules. To show that £ is indeed a projective class of epimorphism and 
to construct an ^'-projective resolution of A we shall use the formalism of monoidal 
categories, that can be found for example in p!H] . 

Algebras, modules, bimodules, etc. can be defined in an arbitrary monoidal cat- 
egory. All general definitions that we need can be found for example in ^Hj. The 
category that we work in is the category of all (5, i?)-bimodules. It is monoidal 
with respect to: 

®b--b'^b^b^b — ^ B^B. {M,N)^M®bN. 

The unit object in b^b is -B, and the associativity and the unit constraints are the 
canonical ones. One can easily check that to give an algebra in {b'^b^®b^ B) is 
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equivalent to give a morphism of unitary rings B ^ A, see fHl Example 1.6(d)]. 
Thus any extension of algebras A/B can be thought as an algebra in b^b- 

Moreover, if A/B is an extension of algebras, that is an algebra in b^b, then the 
category of {A, y4)-bimodules in {b^b, ®b, B) is isomorphic to a^a, the category 
of left modules over the enveloping algebra A^. 

By applying Proposition 1.15] to our setting it results that the class of all 
epimorphism in that splits in b^b is projective. Moreover, by [THl Theorem 

1.20] it results that 

/3,{A/B) : 0^ — A^ A^bA^ ^ ^«5s{n+2) ^ 

is an £^-relative projective resolution of A in a^a- The differentials of P^,{A/B) are 
given by dn{a^ ®b ■ ■ ■ ®b = Er=o^(-l)*«° ®b ■ ■ ■ ®b a'a'+^ ®b ■ ■ ■ ®b a"+i. 

Thus to compute the left ^-derived functors of F := A ®a<! (— ) : a^Ta ^Jtfc we 
can use the resolution P^:{A/B). The corresponding complex is C^,{A/B, M) since 
we can make the following identifications: 

A®«(*+2)®A-M ~ A®^*®BeA^®^eM ~ A^^*®BeM ~ A®^*®bM = C^{A/B,M). 

Furthermore one can see easily that through the identifications above the differential 
maps corresponds to those of C^,{A/B, M). 

Summarizing we have the following theorem. 

Theorem 1.11. Suppose that A/B is an extension of k-algebras and M is an 
{A, A)-bi'module. Then 

HH,(A/5) = LfF(A,M), 
where F := A (-) : a^a ^k- 

1.12. Let A/B and B/C be two extensions of algebras. As an application of 
this theorem we shall compare the Hochschild homology groups HH*(A/i?, M) and 
HH^,(y4/C, M). More precisely we shall prove that these groups are isomorphic if 
the extension B/C is separable. 

Recall that an extension of algebras B/C is called separable if the multiplication 
map B®cB — B has a section in b'^b- Regarding B as an algebra in the monoidal 
category (c^^C; C) we can check immediately that B/C is separable iff the alge- 
bra B in (cOJlc, ®c, C) is separable, see [TH]. The main characterization of separable 
algebras in a monoidal category, proved in [TH] and applied to {c^c, '^c, C), states 
that B/C is separable iff any epimorphism / : X — > F in b^b that splits in c^c 
has a section in b^b- 

Proposition 1.13. Let A/B and B/C be two extensions of algebras. If B/C is 
separable and M is an [A, A) -bimodule then 

HH,(A/C,M) ^ HH,(A/5,M). 

The isomorphism is induced by the canonical map C*(A/C, M) C^{A/B, M). 

Proof. Let Sb be the projective class of all epimorphisms in a'^a that have a section 
in bOJIb, and let us define Sc similarly. Obviously, if P e a^Ta is £^c^projective 
then it is f^^^projective too. Thus any £^c'-projective resolution of A is made of Sb- 
projective bimodules over A. Let (P*, rf*) — > A be such a resolution. We claim that 
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(P*, c?*) is an f^^-projective resolution of A. Indeed, let us write rf* as a composition 
fi* oe^, where /i* is an epimorphism of {A, /l)-bimodules and is a monomorphism 
in A^A- By the definition of £^B^projective resolutions, see [12], we have to prove 
that every has a section of {B, i?)-bimodules. As {P^, d^) is a f^c-projective 
resolution there is a section of in c^c- Since B/C is separable it follows by 
()1.12p that fin has a section in b^b- 

We know that (3^:{A/C) is an £^c'-projective resolution of A. By the foregoing 
it is an f^^-projective resolution too. On the other hand (3^{A/B) is another £b- 
projective resolution of A, and there is a canonical morphism of resolutions: 

that extends the identity of A. If we apply to this morphism the functor (— ) ®a<= M 
we get the canonical map from C*(A/C, M) to C^{A/ B, M). We conclude the proof 
of the proposition by remarking that this morphism is a quasi isomorphism of com- 
plexes, because two i^^-projective resolutions of the same object are homotopically 
equivalent. □ 

Corollary 1.14. Let A/B be an extension of algebras such that B is a separable 
k-algebra. Then for every {A, A)-bimodule M we have 

HH,(A/5, M) ~ HH,(A, M) and }IC^{A/B) ~ HC,(A), 

where HH*(y4) and B.C^{A) are the usual homology theories (of the extension A/k). 

Proof. The first isomorphism comes directly from the previous proposition, by taking 
C = k. To prove the second isomorphism one can use the the first part of the 
corollary, the 5*1? /-sequence and the 5-Lemma. □ 

2. /T-Galois extensions 

In this section we recall the definition and basic properties of an if -Galois ex- 
tension A/B. Then we show that the cyclic homology of A/B can be computed 
by using a new cyclic object, that depends only on H, the Hopf algebra from the 
definition of Galois extensions, and A/ [A, 5]. 

Let A/B be an extension of fc-algebras. For any (A, yl)-bimodule M we set 

:= {m e M \ bm = mb,Wb eB, \/me M} and Mb := M/[M, B], 

where [M, S] = {bm — mb \ b & B, me M). Our aim is to define an algebra 
structure on (A^bA)^ such that is a left {A(^bA)^ -module and Mb is a right 
{A^BA)^-modu\e. Then we shall apply this construction to an if-Galois extension 
A/B, rediscovering in that way the Ulbrich-Miyashita action. 

2.1. Suppose that x,y E A. Let 

lp'm-. A0bA — ^ Homfc(M^, M), ip'^ix ®b y){m) = xmy. 

If 2 G (A^bA)^, then if\,j{z){m) G M^ , for any m G M^ . Hence the restriction of 
if'f^j to (A^bA^)^ has the image included into Homfc(M^, M^). Thus, the restriction 
of (fi'j^ to {A(i^BA)^ is a map ipM '■ (A^bA)^ — > Endfc(M'^) such that for any 
z = Y^i^iXi^BVi in {A®bA)^ we have: 

ipM{z){m) = Y^XiTuyi, \fm G M^ . 
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If we take M := A<^bA, with its natural structure of (A, A)-bimodule, then v^a^^a 
defines a multiphcation 

" • " : (A^nAf ® {A^bA)'', z ■ z' = ip,{z'). 

With respect to this operation {A®bA)^ becomes an associative /c-algebra, with 
unit ICS's 1- It generahzes the usual enveloping algebra of a /c-algebra A, so it will 
be called the enveloping algebra of A/B. 

Note that ipM defines a left ( A® ^-module structure on by: 

z-m = ipM{z){ni), \Jze{A®BA)^ WmeM^. 

2.2. Keeping the notation from the previous paragraph, one can check easily that 
the map 

: A®bA — > Homfc(M, Mb), ^/^;^(x®ijy)(m) = ymx + [M, B] 

is well defined. Also ip'j^,j{x){mb — bm) = for any z G (A^bA)^ , m & M and b & B, 
as iP'm{z) does not depend on a particular choice of elements xi, . . . , Xn, yi, ■ ■ ■ , Vn 
such that z = Yl^=i ^i®Byi- Hence we obtain a map 

i'M ■ {A®bA)'^ — ^ Homfe(MB,MB), i'M{YTi=i^i®Byi){m) = YTi=iWnx'i 

that defines a right (A® A) '^-module structure on Mb by 

B 

m - z = ipM{z)irn). 

2.3. Suppose now that A/B is an if-Galois extension, where if is a given Hopf 
algebra over k. This means that A is a right if-comodule via an algebra map 
p : A — > A0 H, such that B = {a & A \ p{a) = a ® 1} and the canonical map 

/? : A®bA — > A0H, (3{a®By) = ap{y) 

is bijective. Using Sweedler's notation, p{y) = J^Vio) ® y(i) , we have 

(3{x®By) = Y.^y{Q) ®y{i)- 

Let us remark that /3 is a morphism of (5, i?)-bimodules where A® H is regarded 
as a bimodule with the structure induced from that one of A. Hence j3 induces 
a /c-linear isomorphism (3 : [A®bA)^ — > A^ ® H, we can define a /c-linear map 
K : H — > (A®bA)^ by k := {P)~^oi. Here i : H — > A^ ® H denotes the canonical 
map i{h) = l®h. For every /i G if we will use the notation = ^ 
therefore, by the definition of /5 and k, we have: 

Thus, for h, k & H we get: 

= ^K^(/i)Ki(A;)/t2(A;)(o>ft:^(/i)(o> ® k2(A;)(i)K^(/i)(i) = 1 ® = '^{^{kh)). 

It result that k is an anti-morphism of algebras. Summarizing, we get the following 
proposition. 
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Proposition 2.4. Let A/B he an H -Galois extension. Suppose that M is an 
{A, A)-bimodule. Then: 

a) is a right H -module with the structure 

m■h = J2^^\h)mK^{h),yheH, E . 

b) Mb is a left H -module with the structure 



h-m = ^K^{h)mK^{h),yhe H, Mm E Mb- 
Both structures are functorial in M. 

Proof. is a left (/l®B^)^^niodule. Since k, is an anti-morphism of algebras it 
defines a right if-module structure on . Similarly we can define the left action 
of H on Mb. □ 



Remark 2.5. Both structures have already appeared in jz^j, where they are called 
the Ulbrich-Miyashita actions. 

Some other useful properties of n are listed and proved in the next proposition. 

Proposition 2.6. Let A/B be an H-Galois extension. If M is an [A, A)-bimodule, 
h E H , a,x E A and m E M then the following relations hold true. 

T.^^\hl))^B f^^ihi)) ® h2) = E^^\h)®B /^^(/i)(o) ® /t^(/i)(i>- (3) 

^K\h)K\h) =e{h). (5) 
p(ha) = Y.h{2)a{o) ® /i(3)a(i)S'/i(i). (6) 

^a(i)ma(o) = am. (7) 

Proof. All assertions are consequences of the equations (a)-(g) in pHl Remark 3.4.2]. 
Indeed, in j^H] the notation used for ® h) is ®b k{h), so 

Er.(/i) ®B k{h) = K{h) = J2^\h) ®B f^\h). 

Thus we can substitute the element ®b ^«(^) by ®b n'^ih) in [211 

Relations (d) and (e)]. We get Q and (jH) by applying n ® H to the equations that 
we obtain, where n : A^b A — > A§)bA denotes the canonical projection. Relation 
(c) in [2ni Remark 3.4.2] is exactly (0) if we use our notation for K{h). 
Relations Q and (jH) together imply: 

Therefore we obtain: 



^fi:2(/i(2))a(o>fi;n^{2)) ® /i(3) 0(1) 5/1(1) = Xl'^^(^)(o)a(o>«H^)(o> ® '«^(^)(i>a(i)K^(/i)(i), 
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SO (jni) holds true by the definition of the if-module structure on Ab and the fact 
that A is an if-comodule algebra. By [211 Remark 3.4.2(b)] and the definition of 
the cyclic tensor product we have 

X]?Tia(o)K^(a(i))®BK^(a(i>) = m^^a. 

By applying d2 (see fll.4|) for the definition od 1^2) to both sides of this equation and 
using the definition of the left action of H on Mb, we get (|7j). □ 

2.7. The canonical isomorphism j3 : A^bA — > A® H can be inductively extended 
to obtain isomorphisms /5„ : A®B{n+i) — ^ ^ ^ ^$5n_ 

To simplify the notation, a tensor monomial /i^ ® ■ ■ ■ ® /i" G H®"^ will be denoted 
by {h\...,h^). 

Obviously (3n is left A-linear with respect to the canonical A-module structures 
on and A ® Therefore, for each (A, A)-bimodule M, the map 

Pn{M) := M Pn is an isomorphism of {A, i?)-bimodules. 

For X = m (8>b ®_b ■ ■ ■ ®b a" we have 

(3n{M)ix) = E"^a(o> ■ ■ ■ «"o) ® (o(i> ■■■aly..., a;7_\^a^„), a^„^) (8) 
and, ii y = m {h^, ■ ■ ■ , /i", then 

f3n{My^{y) = y2mK\h^)(^ K\h^)K\h^)® ■ ■ ■ ® K2(/i"-i)Ki(/i")® k2(/i'^). (9) 

_B B B B 

One can see easily that j3n{M) is a map of {B, i?)-bimodules, therefore it factorizes 
to a map: ^„(M) : (M^bA®^")^ — > ® i/®" such that 

M ®B ^ M ® 

(M ®B _ ^ Mb ® i^®" 

/3„(M) 

is commutative. In this diagram tt and vtjv/ are the canonical projections. 

Example 2.8. Let if be a Hopf algebra. If H is regarded as an if-comodule 
via A, the comultiplication of H, then H/k is an if-Galois extension. The maps 
'■ — > given in this case by 

and their inverses satisfy: 

(3-\h', h\... h^) = Y.{h'Sh\,),h\2)Shly . . . , Nl^^^Sh^^, h^^). 
The formula for [3~^ has been deduced by using 

2.9. is a right if-module with the following structure: 

In that case we say that ii'®("+^) is a right module via the diagonal action. Actually 
this module is a right iJ-comodule too, with respect to H®^ ® A. In fact, 
is a Hopf module. 
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We recall that a right if-module M, together a map p : M ^ M that defines 
a comodule structure on M, is called a right Hopf module if 

p{mh) = X]"^(o)^(i) ® ^{i)h{2), Vm G M, V/i G -f/". 

The structure theorem for Hopf modules says that m®h^ mh defines an isomor- 
phism of Hopf modules M""^^^®!! ~ M, where W"^^^ = {m G M | p(m) = m® 1} 
and M™(-f^) ® H is regarded as a Hopf module with the canonical structure given by 
the multiplication and comultiplication of H . The inverse map is 

-M — y M™(-^) ® H, ipM{m) = E"^(o> '^"^(i> ® "^(2). 
For details, see [23 Theorem 4.1.1]. 

Lemma 2.10. If H is a Hopf algebra over a field k. For every natural number 
n > there exists an isomorphism of right H -modules ipn ■ H^"^ ® H — > jj'^in+i) ^ 
where H®^ H has the canonical H -module structure and is an H -module 

via A„ : H — ^ }j®{n+i) ^ ^j^^ n*^ -iterated comultiplication on H . 

Proof. As we noted before, M = is a Hopf module. Moreover, we have 

j^co{H) _ }j®n^ ^YiQ comodule structure of M is obtained by applying A on the 
last factor of if^C^+i). Hence, by the structure theorem of Hopf modules, we can 
take V9„ := ipl}. □ 

Remark 2.11. For future references we give the explicit formula for ipn and its inverse. 
One can see easily that: 



3. Cyclic homology of i/-GALOis extensions 

Proposition 3.1. Let Z^{H) := 

a) Z^{H) is a cyclic object with respect to the following operators (in degree n) 

di = H^'®e® H®""-' (face maps), 

/ij = H®^ ® A ® if"^"-* (degeneracy maps) , 

t„(/i°, . . . , /i") = (/i", /iO, . . . , /i"-i) (cyclic operator). 

b) If C^{H) is the complex associated to Z^^H) then C^(H) k is a free reso- 
lution of k as a right H -module. 

c) The Hochschild homology HH^(if) and cyclic homology HC*(iJ) of Z^{H) are 
given by 

W.o{H) = k and HH„(i/) = 0, for n>0. 
HC2n{H) = k and HC2n+i(^) = 0, for n>0. 

d) Z^{H) is a simplicial object in the category of right H-modules. If H is co- 
commutative then t^ is also a morphism of H-modules, so Z*(if) is a cyclic object 
in "ORh- 



Cyclic homology of IZ-Galois extensions 
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Proof, a) Obviously didj = dj-idi and /ij/ij = fij+ifii if i < j. The equality /ij/ij = 
fii+ifii comes from the fact that A is coassociative. Also difij = fij-idi, for i < j, 
and difij = fijdi-i, for i > j + 1, are straightforward. Finally, for i=joTi = j + l, 
we have difij = Id as a consequence of the fact that e is the counit of H. To prove 
that t„ is a cyclic operator we have to check, for < i < n, the following relations 

For example, by evaluating both sides of the first equality at (/i*^, . . . , /i") we obtain 
e{h^~^){h^, . . . , . . . , /i""^). Similarly one can prove the other relations. 

b) We know that every ff^C^+i) is a Hopf module, so by fl^ Theorem 4.1.1] is 
free. _ _ _ _ _ 

For n > let dn : Cn{H) — > C„,_i(if) be the differential of C*(i/). Take = e. 
Then for every n G N and x G Cn{H) we have 

d„+i(l ®x)=x- dn{x). 

So this complex is acyclic and, of course, d^ is surjective. 

c) By (b) we get HH^(if) = and that the image of di : Ci{H) — > Co{H) is 
H+ := Ker£. Hence HHo(i/) = H/Keie = k. Let CC^^{H) be the Tsygan double 
complex of Z^{H). Since all its columns are acyclic, the second spectral sequence of 
CC^,*(if) degenerates to give us the formulas for HC*(if). 

d) Since we always consider the right diagonal action on ^^^("+1) it is easy to see 
that both di and fii are right i/-linear, for every < i < n. It remains to show that 
tn is right if-linear if H is co commutative. But 

t„ ((/lO, ■ ■ ■ , h^h) = E(/i"V+l)' h'hl), ■ ■ ■ , h^-'hn)). 

As ^(1)' ■ ■ ■ ' ^(n)) = ■ ■ ■ ' ^(n+1)) we conclude. □ 

Corollary 3.2. Let M be a left H-module. Then Z*(if,M) := Z*(if) 0h M is a 
simplicial object. In degree n its face and degeneracy maps are: 

5,{{h\...,K')®Hm) = e{h'){h\...S\---.h'')®Hm, (10) 
(T,((/i°,...,/i")®Hm) = . . . , A/i\ . . . , /i") m. (11) 

The homology of C^:{H, M), the complex associated to Z^:(H,M), is Toif {k, M). 

Proof. The covariant functor (— ) ®h M : 971// — > 971^ maps a simplicial object to 
a simplicial object. Since C*(//) /c is a free resolution of k we can compute 
Torf (fc, M) as the homology of C,{H, M) = C^H) ®// M. □ 

Proposition 3.3. For any H-Galois extension A/B and any {A, A)-bimodule M 
the simplicial objects Z^{A/ B, M) and Z^,{H, Mb) are isomorphic and 

EE,{A/B, M) - H,(a(if, Mb)) ^ Torf (A;, Mb). 

Proof. Let us consider the following sequence of isomorphisms 

Zn{A/B,M) Mb®H'^'' ^ H^^'^®Mb ^ {H®''®H)®hMb ^ Z„(iJ,M/j). 
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The second morphism is the canonical flip map, the third morphism is deflned by: 

. . . , /i") ®H m ^ . . . , /i", 1) ®H m, 

and the last one is Mb, where is explicitly described in Remark |2.11[ Let 

A„ : Zn{A/ B, M) — > Zn{H, Mb) be the composition of the above isomorphisms. 
Then: 

A„(m| ■ ■ ■ I a") = E(nj=i«(i>. 11^=20(2)' • • • ' a"„"^^a"n-i), a"n>, l)®//"^nj=ia(o>- 
If we prove that: 

(5iA„(m®Ba^®B ■ ■ -§50") = Xn-idi{m§Ba^^B ■ ■ -^sa") (12) 

ai\n{m®BCi^®B ■ ■ ■ ®Ba"') = Xn+iSi{m§)Ba^^B ■ ■ -^bO^) (13) 

then A* is an isomorphism of simplicial objects. 

We first prove (|T^ for i = 0. If A; = 5Q\n{m®B0^®B ■ ■ ■ ®Ba^) we have: 

A = E ^(nj=iaa>)(n"=2«(2>' ■ ■ ■ ' 1) ®H "^nj=ia(o) 

where for the last equality we used the fact that e is the counit of H. 

On the other hand dQ{m®BO^®B ■ ■ ■ ®b<i^) = ma^®B<i^®B ■ ■ ■ ®b(i^ , so if we 
denote by the right hand side of ()12|) we get: 

= E(ni=2«(l>' nj=3a(2>' • • • ' «"n-l>, 1) ®H "^a^n"=2«(o>- 

Thus Ai = Ar, so (fT^ holds for i = 0. Similarly one can prove ()12j) for < i < ?i. 
For i = n let as denote by Bi and Br the left, respectively right, hand sides of (fT^ . 
It is easy to see that 

Br = E(nj=i^«(i), nj=2«(2)' • • • ' "(T-i)' 1) «""^nj=i«(o>- 

On the other hand: 

= E(n"=ia(i>> nj=2«(2>' • • • ' nj=n-i«(n-i>' «"n,>) ®H "^n"=ia(o>) 
= E(n"=i'«(i), nj;2'«(2>' • ■ ■ ' n"=n»ia(„-i), i)«a> "^n"=i«(o>) 
= E(nj=i«(i>, nj=2^a(2)> • • • > nj=n-i«(n-i)' 1) «a>"^ni=ia(o>) 

By we deduce that Bi = Br. 

To finish the proof it remains to show that ()13|1 holds true. We shall prove this 
relation only for i = 0, as for arbitrary < i < n one can proceed analogously. Let 
Ci and Cr be the left and right hand sides of (fTSj) . It follows: 

Ci = (^o(E(nj=ia(i>, ni=2«(2>' • • • ' ni=n-i«(n-i>' a"„>' 1) ®H "^ni=i«(o>) 
= E(^ {U]=i(^i)) , nj=2«{2)' • • • ' n"=„-ia(n-i), a(n), 1) ®H mYl"=ia\^) 

= E(nj=i«(i>> n"=i«(2>> nj=2«(3>' • • • > n"=„-i«(n>' «?n+i), i) ®h mnj=iajo) 

= A„+i(m®Bl®Ba^®B ■ ■ ■ ®Ba") 
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Hence Ci = Cr, equality that completes the proof of the fact that A* is an iso- 
morphism of simplicial objects. By the first part of the proposition it follows 
HH^(A/i?,M) and H,,(C*(if, M^)) are isomorphic graded vector spaces. The other 
isomorphism follows by Corollary 13.21 □ 

Remark 3.4. Let (t be the category of all quadruples {A, B, H, M), where A/B is an 
if-Galois extension and M G a^a- The morphisms in <t are triples {f,g,u) with 
f : A ^ A' a morphism of algebras, g : H ^ H' a morphism of Hopf algebras and 
u : M ^ M' a morphism of {A, 74)-bimodules such that 

= E/(a(o>) ® g{a{i)), 
u{am) = f{a)u{m) and u{ma) = u{m)f{a). 

One can see easily that M ^ C*(y4/i?, M) and M i— > C^{H, Mb) define two functors 
from a to the category of chain complexes. Moreover, for an arbitrary morphism 
{f,g,u) : [A, B, H, M) — > [A' , B' , H' , M') in the following diagram is commuta- 
tive 

CM/B, M) a(AV5', M') 



A* 



A. 



so A* : C*(A/i?, M) C*(iJ, Mb) is a natural map. 

Corollary 3.5. Assume that {A, C, H, M) and [A, B, K, M) are two objects in (t. 
Let g : H ^ K be a Hopf algebra map such that (Id^i, Mm) is a morphism in C 
If B/C is separable, then the canonical map C^,{H, Mc) — »■ C^{K, Mb) is a quasi 
isomorphism of complexes. 

Proof. Apply Proposition II. 13l and the fact that A* is a natural map. □ 

3.6. Our goal now is to construct a cyclic object whose underlying simplicial object 
is Z^,(if, Ab). The cyclic operator can not be taken (^h Ab, as is not in general 
a morphism of right iZ-modules. Nevertheless, we shall show that the linear maps 
r* : Z^{H,Ab) Z^{H,Ab) given by 

r„((/i°, . . . , /i") ®H a) = E(^"«(i>, • • • , h^~') ®H a(o>. (M) 

define a cyclic structure on Z*(iJ, A^). First let us construct r„, Vn G N. Let r/^ be 
the map . . . , h^) ® a i— (/i"a(i), . . . , h^~^) «(o>- We claim that 

. . . , ® a) = . . . , /i") ® ha) 

for every h^, . . . , /i", h ^ H and a G Ab- A simple computation proves us that: 
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On the other hand, by (jHl), we have p{ha) = X]^(2)0(o) ® ^(3)'3(i)5'/i(i), so: 
r;((/i°, . . . , /i") ® /la) = E(/^"/^(3)a(i)5/i(i), . . . , /i"-^) ®h /^(2)a(o) 

= E(^''^(3)a(l>'5/l(l), . . . , /l""^)/l(2) ®/f 0(0) 

= E(/l"/l(„+3)a(i)S'/l(i)/l(2), /l°/i(3), • • • , /i"~"^/i(n+2)) ®Ha(^o) 

= <((/i°,...,/i'^)/i®a). 

It results that is if-balanced, so it induces a map r„ verifying (fT^ . Now we can 
prove that Z*(if, A^) is a cychc object with respect to r*. 

Theorem 3.7. (Z^,(if, A^), 5*, o"*, r*) a cyclic object isomorphic to Z^^AjB). In 
particular, the cyclic homology of Z^{H^ Ab) is HC*(A/i?). 

Proof. We keep the notation from the proof of Proposition ESI K is enough to prove 
that 

\*tif = T^A*. (15) 

because, in this case, r^, is the unique operator that makes (Z,,(if, Ab), 5*, o"*) a cychc 
object such that A^, becomes an isomorphism of cychc objects. 

Let us denote by Di (respectively Dr) the left (respectively right) hand side of 
(P3|) evaluated at a^®B ■ ■ ■ ®BCt^- We get: 

D, 



= A„,(a"i 


)Ba°---®Ba""') 




= E(n; 


=0"(1)' lli=l"(2)' • 


n-1 
• • ' "(n) ' 


= E(n;: 


=0"(1)' llj=l"(2)' • 


n-1 
• • ' "(n) ' 


= E(n;: 


=0"(1)' llj=l"(2)' • 




= E(n;= 


=0^'(1>' nj=l"'(2)' • • 


• ' 1 lj=n 



1) ®H a"nj=o«(o) 



1)®// a"i>(ni=o«(o). 



(n •=o«- 



ia;.,,a^„+i)) ®H (nj=o«(o>)- 



To deduce the equality denoted by (*) we used (jTj), and the last equality was obtained 
by using the fact that is a right module via A„. 

Dr = r„ (E(n"=l«(l), nj=2«(2)' • • • ' n"=n-l«(n-l>' «?n)> 1) ®H a^U%ia\o)) 



El TT'^ J TT" ] TT" J n— 1 n— 1 n \ ^ TT" j 

l«(l)llj=l«(l)'llj=l«(2>'llj=2«(3)' • • "(n> '«(n+l>J ®li a(0>lli=l"' 



A. 



This sequence of equalities completes the proof of the theorem. □ 

Remark 3.8. At a first sight, for proving the previous theorem, we need only that Ab 
is a left if-module and a right if-comodule such that (jZj) holds true. In fact, relation 
(jni) is required also, because it is equivalent to the fact that t\ : Zi(Ab) — > Zi(Ab) 
is well-defined. 
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4. HOCHSCHILD AND CYCLIC HOMOLOGY OF MODULAR CROSSED MODULES 

In this section we shall show that a cyclic object, similar to Z^{H, Ab), can be 
constructed for each left if-module M on which if-coacts in a compatible way. The 
particular case Ab suggests the following definition. 

Definition 4.1. Let H he a. Hopf algebra and let M be a left if-module which is 
a right if-comodule with respect to p : M — > M ® H . 

a) M is called a crossed module if and only if for every m E M and h E H 

p{hm) = Y.h{2)m{o) ® h(3)m(i)Sh(i). (16) 

b) A crossed module M is called modular^ if and only if for every m E M 

Y.^{i)^{<i) = ^- (17) 

By definition a morphism of crossed modules is a map which is both left iJ-linear 
and right if-colinear. We obtain a category that will be denoted by CM.{H). The 
full subcategory of modular crossed modules will be denoted by CM.rn{H). 

Remark 4.2. If A/B is an if-Galois extension then Ab is an example of modular 
crossed modules. Other examples are given bellow. 

Example 4.3. Let H he a. Hopf algebra. 

a) if is a modular crossed module with respect to the action: 

hx = '^h(2)xSh(^i), 

and the coaction defined by A. We shall denote this modular crossed module by 
adH. By duality one can construct the modular crossed module if The action on 
j^ad jg inciuced by the multiplication in H, while its coaction is defined by 

p(h) = Y.h'i) ® ^(3)5'/i(i). 

b) Connes and Moscovici defined a modular pair to be a pair (a, 5) such that 
5 : H ^ k is a. morphism of algebras, a E H is a group-like element (that is o" is a 
non-zero element such that A(o") = a ® a) and 5{a) = 1. 

For such a pair (cr, 6) they constructed a cosimplicial object 7i^^ , and they proved 

that is a cyclic object if and only if (L^-iSsy = Id//, where L^-i denotes the 

left multiplication by a~^, and the twisted antipode Ss H ^ H is defined by 
Ssih) = ^5(^(i))>S'(/i(2)). In this case they call (o", 5) a modular pair in involution. 

One can see easily that (a, 6) is a modular pair in involution if and only if the 
antipode ^ of ii" is bijective and sk'' E CMm{H°P ""p). Here H°p ""p denotes the Hopf 
algebra H with opposite algebra and coalgebra structures (and the same antipode 



The main results of this paper were presented by the authors in their talks at the "First Joint 
Meeting RSME-AMS", Sevilla, June 2003. During that meeting Tomasz Brzeziriski informed us 
that modular crossed modules were also defined in jTl], where they are called stable anti-Yetter- 
Drinfcld module. 
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S), and sk^ is the one dimensional vector space k on which H"^ acts via S and H'^°p 
coacts via a. 

c) We recall that a left Yetter-Drinfeld module over if is a left //-module and a 
left i/-comodule M such that 

p{hm) = X;/i{i)'Ti(_i)S'/i(3) ® /i(2)m(o). (18) 

As in the case of crossed modules, we can talk about the category of Yetter-Drinfeld 
modules, that will be denoted by yV{H). 

Let us assume that the antipode of H is involutive, that is S*^ = Idn- Then we 
have an isomorphism of categories CM.{H) ~ yV{H). This isomorphism associates 
to a Yetter-Drinfeld module {M,-,p) the crossed module {M,-,p') with the same 
left if-action and right H coaction given by p'{m) = X]^(o) ® Srri/^^iy 

d) Let f : K H he a. morphism of Hopf algebras and let G CAi{K). Then 
Ind^A^ := H ®k N is an object in CAim{H). The if-module structure on Ind^iV 
is the canonical one, while its if-comodule is defined by 

p{h ®K m) = Y.ih(2) '^K "^(o>) ® ^(3)/('^(i>)'S'/i(i). 

If is modular then Ind^A^ is modular too. 

e) Let f:K^Hhea morphism of Hopf algebras and let M G CM.{H) with 
comodule structure pm : M —>■ M H. Recall that H coacts to the left on K by 
Pk '■= {f ® K)Ak, and by definition we have MDhK = Ker(pM ® K — M ® px)- 

Then Resf (M) := MUhK is an object in CM.{K). The A"-comodule structure 
on Res^(M) is the canonical one, while its A'-module structure is defined by 

k{Y,miUHXi) = Y,f{k(^2))miDHk^3)XiSk^i), 

where ^mjOz/Xj G Mn^K. If M is modular then Res^(M) is modular too. Note 
that Res^(— ) is a right adjoint functor of Ind^(— ). 

f ) Let us consider the case when H = kG. A /cG-comodule (M, p) is a vector 
space together with a decomposition M = ^^^qM^. The subspace contains 
all elements m & M such that p(m) = m ® x. Hence a /cG-crossed module is a 
/cG-module M having a decomposition M = ^.^.^q such that 

gM,<ZMg^g-i, \fg,xeG. 

For g ^ G let [g] denote the conjugacy class of g. Let T{G) be the set of all 
conjugacy classes in G and let t{G) be a coset for T{G), so every element in T{G) 
is the conjugacy class of one and only one element in t{G). 

Suppose that M is a crossed module. If (7 G t{G) we define M[g] := 02:e[5] 
Obviously M[g] is a crossed submodule of M as xM[g] C M[g] for every x E G. 

Proposition 4.4. Let M G CM.{kG). Then there is a canonical isomorphism of 
crossed modules: 

M ~ ©3«(G)M[3] (19) 

and M[g] ^ Ind^^Mg, where Gg is the centralizer of g in G. M is modular if and 
only if gm = m for every g E G and m G Mg. 
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Proof. Obviously we have the decomposition (fT!I|) since M is a /cG-comodule. We 
have to show that M[g] ~ Ind^^^^Mg for every g G t{G). 

Let g G t{G). First let us remark that xMg = Mg for every x G Gg, so Gg acts on 
Mg. If ip : kG ® Mg — >• M[g] denotes the map induced by the module structure of 
M, then if is surjective since the multiplication by x G G is a bijective /c-linear map 
from Mg to M^g^-i. The map ip induces a surjective morphism of crossed modules 

: Indlc^Mg M^gy Let i? be a coset for {G/Gg)r = {xGg \ x e G}. The set 
{ex I X G -R} is a basis of kG as a right /cGg-module, where Cx = J^y^Gg Hence 
an element u G kG <^kGg Mg can be written uniquely as a sum 

with rrix G M^. If ^(m) = 0, then J^xgr J2h&Gg ^hnix = 0. But hnix G Mg ash E Gg. 
On the other hand, ioi x ^ y m. R we have xgx~^ ^ ygy^^- Thus J2hGGg hrux = 
for all X E R. We deduce that 

u = J2xeRJ2heGg^h ®mx = J2xeR^ ® J^heGg^mx = 0, 

therefore if is injective too. □ 

Remark 4.5. Let C := Y[xet{G) Ga:-^- The previous proposition shows us that 
CA4{kG) is equivalent to C. 

We are going to investigate some other homological properties of CA4{H) and 

Proposition 4.6. CM.{H) is an ahelian category and CAirn.{H) is a closed class 
in CAi{H) with respect to quotients, subobjects and direct sums. In particular, 
CM.m{H) is abelian too. 

Proof. Straightforward, left to the reader. □ 
Lemma 4.7. Let M be a crossed module over H and let um '■ M ^ M be the map 

UM{m) = Y.mi^i)mi^Q). 

Then um is a morphism of crossed modules. The kernel and the cokernel o/mm — Mm 
are modular crossed modules. 

Proof. By relation (fT^ it follows immediately that um is left iZ-linear. Since 

P(Zl"^(i>"^(o)) = Zl"^(3)"^(o) ® m^4^)m^i)Sm^2) = J2^{i)^(o) ® ^(2) (20) 
it results that um is i/-colinear too. Obviously the kernel and the cokernel of 
Um — IdAf are modular. □ 

Proposition 4.8. Let M be a modular crossed module over a Hopf algebra H. The 
forgetful functor hF : CM.rn{H) — > has a right adjoint ^G. 

Proof. Let F' : OJl^ — > 371^ be the functor that forgets the comodule structure. It 
is well known that G' : OJlfe — > OJt^, G'{V) = V ® H is a. right adjoint functor of 
F', where the comodule structure of G'iV) is defined hy V ® Ah- The adjunction 
is given by the isomorphisms: 

aM,v : Homfc(F'(M),l^) Hom^(M, G'(l^)), «m,7v(/) = {f H)pM, ..^ 
/?M,y :Hom^(M,G'(\/))^Homfc(F'(M),V^), PMy{g) = (V e)g. ^ ' 
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If we take to be a left if-module, then G'{N) becomes a left if-module with the 
structure 

h{n (g) x) := Y^h(2)n ® /i(3)xS'/i(i), 

so that G'{N) is a crossed module over H. Therefore G' induces a functor, denoted 
also by G', from jjOJl to CM.{H). In general G'{N) is not modular, but by the 
previous Lemma 

hG{N) := Ker{uG'(N) - IdG'(7V)) 
is a modular crossed module. The correspondence i — > hG{N) defines the functor 

that we are looking for. The adjunction 1 hG is defined by the restrictions 

of a and (3 defined in fl21|) . □ 

Remark 4.9. The unit of the adjunction crj\/ : M — > hG{M) is the corestriction of 
Pm, the map defining the comodule structure, to hG{M) (1 M ^ H. 

Note that (Tm is a monomorphism, because pm is so, thus by embedding M into 
an injective module I it results that any modular crossed module can be embedded 
into an injective one, namely hG{I). For future references we state this result in 
the following proposition. 

Proposition 4.10. The category CM.rn{H) is an ahelian category with enough in- 
jective objects. 

4.11. In a similar way one can construct a left adjoint G" of : CMm{H) 971^, 
the functor that forgets the module structure. For every right if-comodule we 
can regard H ® N as a, crossed module with respect to the structures 

h{x ®m) = {hx) CS) m, 

p{x ®m) = Y.{^m ® f^io)) ® X(3)m(i)S'x(i). 

For every right comodule N we set G^ (N) = Coker (uh^at— Id/f^Ar). By construction 
G^{N) is a modular crossed module, and the correspondence N i — > G^{N) defines 
a functor, which is left adjoint of . The details of the proof are left to the reader. 

Remark 4.12. The functors hG and G^ provides new examples of crossed modules. 
If denotes the trivial iJ-action on k then HG{ek) = adH . For the definition of 
adH see Example HSfa). 

Now we are going to associate to every modular crossed module M a new cyclic 
object. Since M is in particular a left if-module one can consider the simplicial 
object Z,(i7, M) = H^(*+^) that was constructed in Corollarv 13.21 For reader 

convenience we recall the definition of (5i)o<j<n. and (o"j)o<i<„, respectively the face 
and degeneracy maps of Z^,(if, M) in degree n. 

a,((/i°,...,/i") ®Hm) = (/i°, . . . , A/i\ . . . , /i") m. (23) 

To define the cyclic operator r„ : Z„(iJ, M) — > Z„(iJ, M) we use the comodule 
structure of M. 



(24) 
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Using the compatibility relation from the definition of crossed modules we can prove 
that is well-defined as in fj3.6|) . Note that the cyclic operator (fT^ is a particular 
case of (1^ . 

Theorem 4.13. Let M be a modular crossed module over a Hopf algebra H . Then 
(Z^,(iJ, M), 5*, a*, r*) is a cyclic object. 

Proof. We know from Corollary IH.2I that Z^,{H,M) is a simplicial object, and we 
have seen that the cyclic operator is well-defined. Therefore we have to check the 
following relations: 

where < i < n. Their proofs are consequences of the computations bellow. 

= E^(^*"') (^"^(1) , . . . , . . . , h^-') ®H m(o) , 
r„_i5,_i((/i°, ...,h^)®Hm) = Ern-i(£(/i*-')(/i°, . . . ,fP\ . . . , h^) ®h m) 
= Y.e{h'"') (h'^m^i) . . . ,h^\ . . . , /i""^) (^h m^o) • 

a,Tn{{h\ ...,hJ')®Hm)= ai(^(/i"m(i), . . . , /i""^) ®h m(o>) 
= E(/i"m<i), /lO, . . . , A(/i*-i), . . . , ®H m(o>, 

rn+iai_i((/i°, . . . , /i") m) = r„+i((/i°, . . . , A(/i*"^), . . . , /i") m) 
= E(/^"^(i>, • • • , A(/i^-i), . . . , m(o). 

5or„((/i°, . . . , /i") m) = 5o(E(^""^(i), • • • , ^""^) ®H "^(o>) 
= E^(/i"m(i))(/i°,...,/i'^-i)®^m(o) 
= E^(/i")(/i°,...,/i"-i)®^^m 
= 5„((/iO,...,/i") ®^ m). 

cTor„((/i°, ...,h^)®Hm) = ao(E(^""^(i>, • • • , ^""^) "^(o>) 
Tl^,an{{h\ . . . , /i") ®H m) = r2_,,(E(/i°, • • • , /^"-\ /i^i), /^^2)) ®h m) 

= 1-n+l(E(^"2)"^(l>, • • • , ^Fl)) ®H m(o>) 

It remains to prove that r^"*"^ = Id. But 

r^+^((/i°, . . . , /i") ®H m) = E(^°"^(i>, • • • , m(o) 
equation which implies 

r„"+i((/i°, . . . , /i") ®H m) = . . . , /i") ®/f m(i)m(o) = E(^^ . . . , /i'^) m 

Hence t^+^ = Id. □ 
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Remark 4.14. By definition, an if-module coalgebra is a coalgebra C endowed with 
a right if-module structure such that both the comuhiphcation and the counit of 
C are morphisms of if-modules {H acts diagonally on C ® C and trivially on k). 

For every if-module coalgebra C and every M G CAirn{H) we can modify the 
definition of (Z*(if, M), 5*, a^,, r*) to obtain a new cyclic object as follows. First, let 

Z,(C,M) := 

and then define 5*, a*, r* as in (ESI)) (EH), of course, using the comultiplication 
and the counit of C this time. Then it is easy to see that (Z*(C, M), 6^, a*, t^) is a 
cyclic object. 

Definition 4.15. The complex associated to the simplicial object Z*(i7, M) will 
be denoted by C^{H,M). For the Tsygan double complex, the Hochschild homol- 
ogy and the cyclic homology of Z*(if, M) we will use the notation CC**(i/, M), 
ER,{H,M) and EC,{H,M), respectively. 

Proposition 4.16. The functor that associates to each M G CAim{H) the cyclic 
object Z^{H, M) is an exact functor that commutes with direct sums. 

Proof. By definition we have Z^(if, M) = X^{H) ®h M as vector spaces. The propo- 
sition follows by the fact that Z^{H) is a free right if-module with respect to the 
diagonal action. The other assertion is trivial since the tensor product commutes 
with direct sums. □ 

i?-module algebras are defined by duality from iJ-comodule algebras. For an 
arbitrary modular pair in involution {6, a) and an arbitrary //-module algebra A, 
Connes and Moscovici defined a 5-invariant cx-trace to be a morphism of //-modules 
T : A ^ sk such that r(a6) = T{ba{a)), for all a,b & A. They proved that such a r 
defines a morphism of cocyclic objects from H^^^ to A*, the usual cocyclic module 
associated to the algebra A. Hence, for r as above, there is a morphism 

7;:Hq,,,)(//)^HC*(A). 

For details the reader is referred to El- Now we want to show that a similar 
construction exists in our setting. First let us define the appropriate type of trace 
that we shall use. 

Definition 4.17. Let A be an //-comodule algebra and let M be a modular crossed 
module. An //-coinvariant M-trace of A is a morphism tvM '■ A ^ M of H 
comodules such that 

truiax) = Y.(^{i)trMixa(^o)). 

4.18. The map (3n{A) : A^^in+i) ^ a® //®" defined in (EZZj) exists for an arbi- 
trary //-comodule algebra A, but in general it is not bijective. Let us consider the 
following sequence of /c-linear maps: 

^®(„+l) ^ ^®B(n+l) Pj^) ^ ^ M ® //®" ~ //^'^ ® M ^ //»("+!) ®^ M, 

where the first isomorphism is the canonical flip, while the second one is ipn^H^^M, 
see Remark 12.111 for the definition of The composition of these morphisms. 
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denoted 7*^" , maps x = a° ■ ■ ■ ® a" to 

7^^(x) = E(n;=i«{i), n;=2«|2)' • • • ^ mntrMia^uu^^^)- (25) 

Theorem 4.19. Let A be an H -comodule algebra and let M be a modular crossed 
module over H . IftvM : A ^ M is an H -coinvariant M -trace then 

7f*^:Z,(AA)->Z,(i/,M) 

is a morphism of cyclic objects that induces a map, denoted also by 7*''*^, 

7f^^ :Ha(A) ^Ha(/f,M). 

Proof. One can proceed as in the proof of the fact that A,,, : Z^{A/B) 'Zi^:{H, Ab) 
is an isomorphism of cyclic objects, see the proofs of Proposition IH.HI and Theorem 
13.71 The details are left to the reader. □ 

5. Cyclic homology of induced modular crossed modules 

Throughout this section we whall assume that the characteristic of k is zero. Let 
if be a Hopf algebra over k, and let K he a Hopf subalgebra of H. Let M be a 
given modular crossed i^'-module M. 

The main goal of this section is to compute, under some assumptions on K and M, 
the cyclic homology of H with coefficients in Ind^M. As applications we shall com- 
pute the cyclic homology of strongly graded algebras, group algebras and quantum 
tori. We start by proving a variant of Shapiro's Lemma for cyclic homology. 

Proposition 5.1. Let H be a Hopf algebra and let K be a Hopf subalgebra of H . If 
M is a modular crossed K-module and H is a flat right K-module, then 

HH,(iJ, Indf M) ~ HH,(/s:, M) and RC^H, Indf M) ~ EC,{K, M). 

Proof. The cyclic object associated to Ind^M can be identified as follows: 

Z,(iy, Indf M) ~ H®*+^ ®kM, 

where the formulas for the face, degeneracy and cyclic operators are obtained from 
(j^ . (PHj) and by replacing ®h with ®k everywhere. 

Since if is a fiat i^-module, it results that C^{H) — ^ k is also a fiat resolution 
of k over K, therefore 

HH„ (ii, Indf M) ~ Tor^(A;, M) ~ HH„(A', M). 

The isomorphism above can be described explicitly as follows. The inclusion map 
i : K — > H induces a morphism : C^{K) — > C*(iJ) of resolutions of k over 
K. Hence ®k M is a quasi-isomorphism of complexes. Of course i^. ®k M is a 
morphism of cyclic objects, so by the 5-Lemma we get: 

Ha(i^, M)^HC*(ii, Indf M). 

Note that the last isomorphism is also induced by i^, ®k M. □ 

In the particular case when H is cocommutative we can compute easily the cyclic 
homology of a crossed module M with trivial coaction, i.e. p(m) = m ® 1, for all 
m e M. 
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Theorem 5.2. Let H be a cocommutative Hopf algebra. If M is a modular crossed 
module over H with trivial coaction, then 

Ha(i7,M) = e,>oTorf„2,(fc,M). 

Proof. Let Z^{H) be the cyclic object constructed in Proposition 13.11 Since H is 
cocommutative is right if-hnear, hence it makes sense t^^i^M. Because H coacts 
triviaUy on M then t^, = t^^n^i where is the cychc operator of Z^,(i7, M). Thus: 

TotCC„(i/, M) ^ TotCC„(iy) ®H M, 

On the other hand CC**(iJ) is a resolution (in the sense of hyperhomolgy) of 

C*: 0< — k< — 0< — k< 

{Cn = if either n < or is odd). As in the proof of Karoubi's theorem, 
see for example [221 Theorem 9.7.1], it follows that }1C^,{H, M) is the hypertor 
Torf^(C*, M). It is easy to see that another resolution of C* is 

< — C,{H) i — < — C,{H) < . 

If we use this resolution to compute Torf^(C*, M) we immediately get that 

Torf (a,M) = e,>oTorf_2,(fc,M), 

equality that proves the theorem. □ 

5.3. A Hopf subalgebra K of H is called normal if K^H is a two-sided ideal in H, 
where denoted the kernel of Ek- In fact K^H is a Hopf ideal in this case, so 
H := H/K+H is a Hopf algebra called the quotient Hopf algebra of H by K. It 
is well-known that, whenever if is a faithfully flat left (or right) K-modu\e, then 
K O H is an if-Galois extension [23 P- 197]. Of course the coaction of H on H is 
defined by the morphism of Hopf algebras vr : H — > H. 

Lemma 5.4. Let H be a Hopf algebra with bijective antipode and let K be a semisim- 
ple normal Hopf subalgebra of H . Then K ^ H is an H -Galois extension. 

Proof. Each semisimple Hopf algebra is separable |21]. In particular, the antipode 
of K is bijective, as any separable algebra (over a field) is finite dimensional. Now 
we can apply jT7| Corollary 2.9] to show that if is a faithfully flat iT-module, so 
the lemma follows by ()5.3|) . □ 

5.5. Let us suppose that K is a normal Hopf subalgebra of H such that the extension 
K C H is if-Galois. Let M be an if-crossed module. We shall regard M as 
an ( ii, ii)-bimo dule with trivial right action (via the counit e of H). Therefore 
(Idj/, TT, Idjv/) is a morphism in (t from {H, k, H, M) to {H, K, H, M), where tt is 
the canonical projection (see Remark 13. 41 for the definition of €.). Obviously M := 
M/K^M is a modular crossed module over H with respect to the quotient structures. 
As M is a bimodule with trivial right H action it follows that '■= M/[M, K] is 
equal to M as a vector space. In fact we have more than that. Since by assumption 
H/ K is if-Galois it makes sense to speak about the Ulbrich-Miyashita action of H 
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on Mk- As the canonical map (3 : H ®k H H ® H from the definition of Galois 
extensions has the property 

it results easily that (with Ulbrich-Miyashita action) can be identified as an 
if-module with M. 

Now we can prove the following result. 

Proposition 5.6. Let H he a Hopf algebra with bijective antipode. Suppose that K 
is a normal semisimple Hopf subalgebra of H. For M G CAim{H) let M denote 
M/K+M. Then 

HH, {H, M) ~ HH, (H, M) and BC,{H, M) ~ HC* (H, M) . 

Proof. By Lemma 15.41 the extension if C if is if-Galois, and we have already 
noticed in ()5.3|) that a semisimple Hopf algebra is separable. By the functorial 
character (both in H and M) of the cyclic object Z^{H,M) there is a canonical 
morphism of cyclic objects 

that is induced by the projections H —>■ H and M —>■ Mx- Obviously (/?^ is a 
morphism of complexes from C*(if, M) to C^,{H, Mk)- By Corollarv 13.51 it results 
that ip^ is a quasi-isomorphism. We have already proved in (j5.5p that — M as 
if-modules. Hence 

HH, (ii, M) ~HH,(H^,M). 

The isomorphism for cyclic homology follows by using the SBI-sequence and 5- 
Lemma. □ 

Corollary 5.7. Keep the notation and assumptions from the preceding proposition. 
If in addition H is cocommutative and p{M) C M ® K then 

Ha(ii,M) ~ e^>oTorf„2.(fc,M). 

Proof. Since the if-coaction on M is trivial and H is cocommutative, we apply 
Proposition 15.61 and Theorem 15.21 □ 

If K is not separable, then the cyclic cohomology of a modular crossed module 
can not be computed in a similar way. 

Recall that a Hopf algebra H is by definition pointed if it has only one dimensional 
subcoalgebras. Since there is a one-to-one correspondence between simple right H 
comodules and simple subcoalgebras it follows that for each simple comodule M 
there is a group-like elements g E H such that 

p(m) = m (E) g, Vm G M. 

Proposition 5.8. Let H be a cocommutative pointed Hopf algebra. Suppose that 
X E H is a central group-like element of infinite order. If M E CM.rn{H) and 
p{m) = m® X, for all m G M , then 

Ha (ii, M) ^Torf(A;,M), 

where H := H/ (1 — x)H . 
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Proof. Let us remark first that xm = m, for every m E M, since M is modular. 
Hence M is a E'-module. Now let us define t„ : — , H^{n+i) 

t„(/iO,...,/i'^) = (/i'^x,/i°,...,/i"-i). 

Since H is cocommutative, t„ is right if-linear (with respect to the diagonal action) 
and the cyclic operator t^, of Z^{H, M) satisfies the relation 

r* = U ®H M. 

Trivially t^'^^{u) = ux, for all u G and t„ verifies all other properties of cyclic 

operators. Moreover, by Proposition I3.1f b). the complex C^{H) is a free resolution 
of k, and H is free over k[x], see j22l p. 271]. As the order of x is infinite it results 
that k[x] is a domain, so 1 — x is not a zero-divisor in H. Now we can conclude by 
applying the following lemma. □ 

Lemma 5.9. Let A be an algebra over a field k of characteristic and let M be 
a left A-module. Suppose that a E A is a central element such that 1 — a is not 
a zero-divisor. Denote A/{1 — a)A by A. Let (Z^,, 9^,, s^,) be a simplicial object in 
the category of right A-modules such that each Z„ is free over A. Assume that 
t^: : ^ is a morphism of A-modules such that = Id^^a and {Z^,d^, s^,t^) 
satisfies all other properties of cyclic objects. If the complex {Z^,,d^) associated to 
(Z*, 9*, s*) is acyclic and (1 — a)M = 0, then Z* ®a M is a cyclic object and 

HC,(Z, ®A M) - TorJ(Ho(Z,), M). 

Proof. Since, by assumption, we have t*"*"^ = Id^.a and (1 — a)M = then obviously 
{Z^, ®A M, 9* M, ®A M, ®A M) is a cyclic object. Let (Z'^, d'^) be the complex 
defined by Z'^ = Z^ and d'^ = J2*iZo{~^)''9i- Its homology is trivial in all degrees and 
:= Id^, — ( — is a morphism of complexes from Z'^ to Z^, (see the definition 
of Tsygan's double complex). 

We claim that is injective. Indeed, if z E Ker(M^,) then t*"'"^(z) = za and, on the 
other hand t*+^(2) = z. Thus z{l — a) =0. But the latter equality is possible if and 
only if 2 = cis is free and 1 — a is not a zero-divisor in A. Let := Coker(M*). 
Then 

— ^Z',^Z,^D, — . 

is an exact sequence of complexes. Since the homology of Z'^ is trivial and Z* is 
acyclic it results that is acyclic. 

Our aim now is to show that D^, is a projective resolution of Ho(Z*) over A. First 
let us prove that each D„ is A-projective. It is easy to see that Xir=o(~-'-)*'^^n 
induces a morphism of A-modules that splits the canonical map 

Coker(Idz„ - C) ^ Coker(M„). 

Thus Dn is projective, as Coker(Id^^ — t"^^) = Z„/Z„(l — a) = Z„ (^a A is free 
as a right A-module. To prove that D^, is a resolution it remains to show that 
Coker((ii) = Ho(2'^,), where rf* is the differential of D*. Since d'l is surjective we get 
Im(Mo) C lm{di), hence 

Coker(5i) = [lm{di) + Im(no)]/Im(no) = Ho(Z*). 
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As charfc = we can use Connes' complex 

:= Coker (m, ®^ M) = Coker(M,) ®a M 

to compute the cyclic homology of Z* ®^ M. Thus HC=k(Z* M) is the homology 
of the complex ®yi M, where the differentials of -D* := Coker (m*) are induced by 
dj,. Finally we have 

Ha(Z, ®A M) = H,(D, ®A M) = H,(D, ®^ M) = TorJ(Ho(Z,), M), 
therefore the lemma is proved. □ 

5.10. Let K he a. pointed Hopf algebra, and let M be a right ii'-comodule. By 
definition, the coefficient space of M is the smallest subcoalgebra C{M) of K such 
that p{M) C MCS>C(M). If C{M) is cosemisimple, i.e. it is a (direct) sum of simple 
subcoalgebras, then C(M) = ^^ex ^ pointed. Moreover, in this case, we 

have 

where contains all m G M such that p(m) = x. 

Theorem 5.11. Let H be a Hopf algebra over a field of characteristic and let K be 
a pointed cocommutative Hopf subalgebra of H such that H is a flat right K -module. 
Let M G CM.rn{K) such that C{M) is cosemisimple and C{M) C Z{K). Then 

HC,(iJ, Indf M) = (e,,^^ e,>o Torf!2.(fc, M.)) (0,,;,^^^. Tor^(/c, M,.)) , 

where Xf = {x E X \ oidx < oo}, = K/{1 — x)K and M = 0^^^ M^; is the 
decomposition of M as in fl5.10|) . 

Proof. Let x G X. Then p(m) = m (g) x, for every m G M^. Since K is cocommu- 
tative and C{M) C Z{K), it results that is a modular crossed i^-module. By 
Proposition 15. II we have 

RC,{H, Indf M) ~ HC,(i^, M) = 0^^^ HC,(i^, M,). 

If X G Xj, by Corollary EH it follows that RC^{K,Mx) ~ ^.^^Toifj^^iikMx). In 
the case when x G we can apply Proposition 15.81 to obtain the required 

description of HC,, {K, M^). □ 

Corollary 5.12. Let H be a pointed Hopf algebra over a field of characteristic 0. 
Let K := kG be the coradical of H and let M G CAirn{K)- 

a) There is a set X E G and a decomposition M = ^^ex ^'^ fl5.1()|l . 

b) If X is as above and, in addition, X is contained in the center of G then 

HC.(iJ, Indf M) = (0,,^^ 0,>o Torf_-2.(fc, M,)) {®x^x\x, Torf(^> ^x)) , 
where Xf = {x G X | ordx < oo}, Kj. = K/ (1 — x)K. 

Proof, a) Since K is cosemisimple every right i^-comodule is a direct sum of simple 
comodules, which are one-dimensional as H is pointed. Furthermore, for every one- 
dimensional comodule N there is a group-like element x G G such that N 2^ kx. 
Thus we can take to be the isotypical component of M corresponding to the 
simple /T-comodule kx. 



28 Cyclic homology of induced modular crossed modules 

b) This part is a direct consequence of the previous theorem. □ 

Recall that, for an arbitrary group G, we denote the set of conjugacy classes in 
G by T{G). Let t{g) be a coset of T{G) and let tf{G) := {x e t{G) \ ord(x) < oo]. 
The group homology of G with coefficients in A will be denoted by H(iSt(G', A). 

Corollary 5.13. Let H := kG be the group algebra of an arbitrary group G over a 
field k of characteristic 0. Let M G CM.rn{H). Then 

where M = ©^xeg^^ ^■^ decomposition of M as in Example \4.'M i). G^ is the 
centralizer of x in G, i.e. G^ '■= {g & G \ gx = xg}, and Gx = Gx/ (x) . 

Proof. By Proposition 14.41 we have 

Since cyclic homology commutes with direct sums of crossed modules we get 

RC^H, M) ^ e,,,,(^) HC.(A;G, Ind^g^M.). 

To end the proof we apply Corollarv 15. 12r b) . □ 

Definition 5.14. Let G be a group and let A be a fc-algebra. A is called G-strongly 
graded if is a direct sum of /c-subspaces A = ^^^^Ax such that A^Ay = Axy, 
Vx, y E G. 

Corollary 5.15. Let A = ^^^qAx be a G-strongly graded k-algebra. If B := Ai 
and Ax = Ax /[Ax, B] then 

Proof. We know that B.C^{A/ B) ~ HC*(/f, A^), see Theorem 13.71 Since we have 
= 0^.5(5 the required isomorphism follows by Corollary ()5.13|) . □ 

Remark 5.16. a) If A = ^^^qAx is a G-strongly graded algebra such that B is 
separable then B.C^:{A/B) is isomorphic to B.C^:{A), the usual cyclic homology of A 
(of the extension A/k). For example, if B = k, then we obtain 

HC,(A) ^ {^xeMG) e.>o H*_2.(G., Ax)) (0.,,(G)v,(G) H*(G., Ax)) . (26) 

b) Let be a field of characteristic and let G be an arbitrary group. The 
cyclic homology of kG was computed by Burghelea in By taking A := kG in 
()26j) we obtain the same result, as kG is G-strongly graded with respect to the 
decomposition kG = ^xgg 

c) Obviously, if G is a group and if < G is a normal subgroup in G then A := kG 
is G/i/-strongly graded, with B := kH. In this setting Corollarv 15.151 gives the 
computation of cyclic homology of the extension kG/kH. For a different approach 
to this calculation see |27j . 
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5.17. An important class of G-strongly graded algebras is the class of G-crossed 
products. Recall that A = ^g^Q Ag is called a crossed product if and only if for every 

X E G there is an invertible element e^^ in A^. Let B := Ai and let A^ = Ax/[Ax, B]. 
It is well-known that each Ax = Be^, so {e^ \ x G G} is a basis of A as a left B 
module. We can assume that ei is the unit of A, and hence of B. Define: 

uj -.G X G ^U{B), uj{x,y) = exCye-^, (27) 
" . " : G X ^ fi, g.b = exbe-\ (28) 
X:GxG^ U{B), X{x,y) = e^e^e^^e^^^^^,. (29) 

We shall say that u is the noncommutative 2-cocycle of A and that "." defines the 
weak action of G on 5. Then the multiplication in A is uniquely determined by 

e^Cy = Lj{x, y)exy, ej) = {g.b)ex, (30) 

and the action G^ x A^ —>■ A^, induced by the Ulbrich-Miyashita action of G on 
Ab, is given by 

9-ibex) = ig.b)X{g,x)ex. 

Furthermore, we can identify A^ with B^ '■= B /[B, B]^, where [B,B]x is the sub- 
space spanned by all x-commutators bb' — b'{x.b). 

There are two extreme cases. The first one corresponds to a trivial cocycle u, i.e. 
uj{x,y) = 1, for all x,y G G. One can check easily that (^Hj) defines a real action of 
G on S by algebra automorphisms, and 

(bcx) ■ ib'ey) = b{x.b')exy. (31) 

Therefore A is the smash product B^kG of B by G. 

Note that through the identification A^ — B^ the action of G^ on A^ corresponds 
to the action of Gx on B/[B, B]x induced hj G x B ^ B. 

Conversely, let us assume that S is a /c-algebra and that G is a group that acts 
on B by algebra automorphism. Then B^kG, the left 5-module freely generated 
by {gx I X G G}, becomes an unitary associative algebra with the multiplication 
defined in PT|) . In [711^], these algebras are simply called crossed products. 

In conclusion we have proved the following result. 

Corollary 5.18. Let B be an algebra and let G be a group that acts by automorphism 
on B. Then: 

YiC.mkG/B) ^ (0^.^^^(^^0^^^H.„2.(G.,5.)) (e,.,,(G)v,(G)H*(G.,5.)) . 
If B is a separable algebra then the above isomorphism holds for }iC^{B ^kG) too. 

5.19. Let as consider now the other case, when the weak action (|28|) is trivial. Since 
we are interested in the computation of the cyclic homology of quantum tori we shall 
also assume that G = 11 and B = k. Under this assumptions u; is a real 2-cocycle 
of 1/" with coefficients in A;^, the multiplicative group of non-zero elements in k, on 
which Z*" acts trivially. Moreover Ax = k, since every x-commutator is zero, and 
g G Z^' acts on Cx G kcx by 

g.Cx = \{g,x)ex. 
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It is easy to see that g \ — > X{g, x) defines a morphisms of groups A^^^ : Z*" — fc^, for 
every x G Z''. 

Lemma 5.20. Let G = Gi x G2 be a group and let X : G — > be a morphism of 
groups. Let Aj denote the restriction of X to Gi, i = 1,2. If xk is the one-dimensional 
representation induced by X, then: 

HniG, xk) ~ ®p+g=nHp{Gi, x,k) ®k Hg{G2, x,k). 

Proof. Obviously we have an isomorphism of k[Gi x G2]^niodules: 

xk ~ xik ®k Xik, 

where the action of Gi x G2 on Xik ®fc is "componentwise". Let P* — > x^k and 
— > x^k be projective resolutions of x^k and over kGi and kG2 respectively. 
Then 

Tot(P* ® Q*) — > x,k x^k ^ xk 
is a projective resolution of xk over k[Gi x 6*2] • Proceeding as in the proof of [221 
Proposition 6.1.13] we get the required isomorphism from the Kiinneth formula for 
complexes. □ 

Corollary 5.21. If G is a finitely generated abelian group and X : G — > k^ is a 

non-trivial character of G, then H^{G, xk) = 0. 

Proof. By the preceding Lemma it is enough to show that H^CL, xk) = and 
i?*(Zd, A^) = for every non-trivial character of Z and Z^ respectively. The equal- 
ities follow easily by the computation of group homology for free and cyclic groups, 
see 123 Chapter 6.2]. □ 

5.22. Let us keep the notation and assumptions from (j5.19p . We define A := kj(il\ 
as follows: as a vector space A has a basis {cg \ (7 G Z*"} and the multiplication of 
two elements in the basis is given by 

Obviously A is Z'"-strongly graded, and the 2-cocyle associated to A as in ^I7\i is 
exactly u. Thus for the computation of HH^[A) and HG^{A) we can apply Corollary 
15.151 It results 

where the action of 7/ / (x) on ke^ is induced by A^. We introduce the notation: 

Xx = {xe Z" I Ax is trivial} X*x = Xx\ {0} 
By CoroUarv 15 . 2 1 1 we get: 

HGM) = e.>o ^*-2.(z^ k) (e,,^, H4r/{x),k)) . 

For each x = (xi, . . . , Xn) G let dx := gcd(xi, . . . , Xn)- Then 

Z7(x) ^z^-i©z,^. 

Since is a field of characteristic zero and, for every x G XjJ, the action of Z^/(x) 
on k is trivial, we get 

H,{r/{x),k)c^H,{Z^~^^Zd^,k)c^H,{r~\k). 
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By Lemma l5.2()l it follows that, for every m > 1, H^:{1/^, k) ~ A.*Vm where Vm is a 
vector space of dimension m. Hence 

Similarly, from the decomposition HH^{A) = ^^^^r H^{II , ke^), we deduce: 

HH,{A) = (A*!/,)^""'^- 
Hence we have the following theorem. 

Theorem 5.23. Ijio-.TI'^TI — > k^ is a normalized 2-cocycle, then 

HH,{k^[z^]) = (A*v;)(^^) Ha{k^[z^]) ^ ^^^^A*~^% (A*v;„i)(^^) . 

Remark 5.24. The algebra k^^lZ/] is a multiparameter torus. If Ajj := A(/j, fj), where 
{/i, . . . , fr} is the canonical basis on Z'', then ki^[^^] is isomorphic to the algebra 
generated by xi, . . . , Xr, x^^, . . . , x~^ satisfying the following relations: 

Hochschild homology of quantum tori is also computed in [Tn| I28j. 

6. Cyclic homology of enveloping algebras 

Let g be a Lie algebra and let U (g) be its enveloping algebra. In this section, for 
every modular crossed module M over U{q), we shall construct a spectral sequence 
converging to HC*(t/(g), M). First we construct such a spectral sequence for an 
arbitrary Hopf algebra H and an arbitrary filtered modular crossed module M. 
Then we shall show that every crossed module over U (g) has a canonical filtration. 

Finally, we show that the cyclic homology of almost symmetric algebras can be 
computed as the the cyclic homology of U{q) with coefficients in a certain modular 
crossed C/(0)-module, where g is a suitable Lie algebra. 

Theorem 6.1. Let M be a filtered modular crossed module with increasing filtration 
(FpM)pep}. Then there is a spectral sequence 

Ej, = HCp+,(^?rpM) =^ HC,+,(M), (32) 

where grp{M) = FpM/Fp^iM, for every p>0, (F_iM = 0). 

Proof. The spectral sequence that we construct is a particular case of the spectral 
sequence associated to a filtration. 

By definition HC*(if, M) is the homology of Tot(CC=i,,,(-ff, M)). Since the functor 
from CM.rn{H) to the category of chain complexes 

M I — > TotCa,(i/, M) 

is exact, we have an exact sequence 

TotCC„(if,Fp_iM) ^ TotCC„(i7,FpM) ^ TotCC„ [H, ) ^ 0. 
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As CC**(iir, — ) commutes with direct sums, the graded complex associated to the 
mtration (TotCC „ {H, FpM))^^^ is 0p>oTotCC (^H,^^y It follows that the 
spectral sequence associated to this filtration has the following 0-page 
_ F,Tot,H-,CC..(g,M) _ / F,M \ 

""^^ - F,_iTot,+,CC.. (i7,M) - f,.,m) ■ 

We conclude by remarking that HC, (^H, -^^^ = H, (^TotCC„ (^H, p^^)) • □ 

Lemma 6.2. For each crossed module M over U{q) there is a non-negative in- 
creasing filtration {FpM)p^z on M such that {J^^^FpM = M and FpM / Fp_iM is a 
comodule with trivial structure for every p G Z. 

Proof. Recall that M"""^ = {m E M \ p{m) = m (g) 1}. We set FpM = 0, if p < 0, 
and FqM = M'^°^ . Inductively we define Fp^iM such that 

Fp+,M/FpM = [M/FpMr''. 

Obviously the comodule structure of the graded associated to this filtration is trivial. 
Since U (g) is cocommutative it results easily that each FpM is a submodule of M. 
It remains to prove that IJpeN ^p-^ ~ Let 

and let us assume that ^ M. Then M/N contains a simple f/(0)-subcomodule. 
Since there is only one type of simple ?7(g)-comodules and that one has trivial 
comodule structure {U{q) is a connected Hopf algebra, i.e. its coradical is one 
dimensional) it follows that {M/Nf^ ^ 0. Let m e {M/Nf" be a non-zero 
element. Thus: 

p(m) = m ® 1 + x, 

where x E N ® H . As x is a finite sum of tensor monomials and A^ = IJpgpj FpM it 
follows that there is po such that x G Fp^M ® H . Hence p{m) = m ® 1 + Fp^^M ® H . 
Thus m G Fpo+iM, contradicting the fact that the class m G M/N is not zero. □ 

Theorem 6.3. Let M be modular crossed module over U{g). Let (FpM)pgN be the 
filtration constructed in the previous lemma. Then there is a spectral sequence 

K, = e.>oHp+,-2.(g, FpM/Fp_iM) =^ HC.(M). 

Proof. By Theorem 15.21 we have 

HCp+,(f/(g),FpM/Fp_iM) ~ ®^^^}ip+,_,,{g, FpM/ Fp.,M). 

Hence the spectral sequence that we are looking for is a particular case of (jHSI)- D 

We shall end the paper by studying the cyclic homology of a certain class of 
filtered algebras, that appeared in the work of C. Kassel. 

Definition 6.4. Let A be a filtered algebra with non-negative increasing filtration 
{FnA)n(zf>j. Following P- 100] we shall say that A is an almost symmetric algebra 
if grvl, the graded associated to A, is isomorphic to S{V), the symmetric algebra of 
a vector space V. 
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Sridharan classified all almost symmetric algebras in [SB]- He proved that for 
each almost symmetric algebra A there are a Lie algebra {q, [— , — ]) and a 2-cocycle 
/ : ® — ^ ^ such that ^ FiA/FqA (as vector spaces) and 

A^T(0)/JK0), 

where //(0) = {x ^ y — y ^ x — [x, y] — f{x ® \ x,y & g). If we consider the 
standard filtration on T{g) then the above isomorphism respects the filtrations. 

Let Uf{g) := T{g) /If^Q). There is a canonical /c-linear map if : — * Uf{g). 
For every x G the element if{x) will be denoted by x. The proof of the above 
description of A is based on the fact that f//(0) has a PBW-basis. Suppose that 
{xi)i^i is a basis of 0, with / a totally ordered set. Then the set containing 1 and 
all monomials Xi^Xi^ ■ ■ ■Xi„, with < ^2 < • • • < "^n, is a basis on Uf^Q). 

Furthermore, one can construct an f/(0)-comodule algebra structure on f//(0) in 
the following way. First we define an algebra map T{q) — > A(E) U{q) such that 

X I — > X ® 1 + 1 ® X, Vx G 0. 

It factorizes through an algebra map p : A — > A^ U{q). One easily checks that 
{A, p) is an f/(0)-comodule algebra such that 

X I — > X (8) 1 + 1 ® X, Vx G 0. (33) 

Moreover, the set whose elements are 1 and all monomials Xj^Xjj ■ ■ ■ Xj„, with 
^1 < ^2 ^ • • • ^ ^n; is a basis on U{g). Thus there is a unique A;-linear map 
9 ■.U{g) ^ Uf{g) such that ^(1) = 1 and, for every < ^2 < • • • < "^n; we have 

0{xi^ Xjj ■ ■ ■ Xjj^ ) Xj-^ Xjj ■ ■ ■ Xjjj . 

A straightforward computation shows us that 9 is if-colinear. Recall that, by 
definition, a total integral for an if-comodule algebra A is an if-colinear map from 
H to A that maps the unit of H to the unit of A. Thus 6' is a total integral for 
Uf{Q). 

Since 9 is bijective too it follows that the subalgebra of coinvariant elements in 
f//(0) is k. Then, by [21 Proposition 1.5], it results that the extension Uf{Q)/k 
is f/(0)-Galois and 9 is invertible in convolution, i.e. there is a /c-linear function 
■■ U{g) Uf{g) such that 

E 9{h^,))9~\h^,)) = e{h)lA = 9-\\,^)9{h(2))^ \fh G t/(0). 

Hence, by the above relation, it results that k(/i) = E6'~^(/i(i))®6'(/i(2)), see fj2.3|) for 
the definition of k. Thus the Ulbrich-Miyashita action of U{q) on Uf{Q) is uniquely 
determined by 

x.a = xa — ax, Vx G 0, Wa e Uf{g). (34) 
Summarizing, we have the following result. 

Proposition 6.5. Let g be a Lie algebra and let f : g^g —>■ k be a 2-cocycle. Then 
Uf{g) is an U{g) -Galois extension of k and 

Ha(f//(0)) = Ha(f/(0),f//(0)), 

where Uf{g) is a modular crossed module with respect to the action ()34|) and coaction 

(El. 
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